Abstract. In this paper we study cubic del Pezzo fibrations f : X → P 1 such that the 3-fold X is smooth and rk Pic(X) = 2. These are examples of smooth 3-fold Mori fibre spaces. The 3-fold X is a divisor in the linear system |3M + nL| on the rational scroll Proj(⊕ 4 i=1 O P 1 (d i )), where n and d i are integers, d 1 ≥ d 2 ≥ d 3 ≥ d 4 = 0, M is the tautological line bundle, and L is a fibre of the projection to P 1 . The 3-fold X is rational in the case d 1 = d 2 = d 3 = d 4 = 0 and n = 1, namely when X is a divisor of bi-degree (1, 3) on P 1 × P 3 . In all other cases we prove the nonrationality of X in the additional assumption that the 3-fold X is a sufficiently general divisor in the linear system |3M + nL|. As a corollary, we prove that every smooth 3-fold with Picard rank 2 fibred into del Pezzo surfaces of degree less or equal than 3 is a smooth deformation of nonrational smooth 3-folds except the case of a divisor of bi-degree (1, 3) on P 1 × P 3 .
Introduction.
For a given algebraic variety 1 , it is one of the most substantial questions whether it is rational or not (see [66] , [45] ). Global holomorphic differential forms are natural birational invariants of a smooth algebraic variety, which completely solve the rationality problem for algebraic curves and surfaces (see [82] ). However there are no known invariants that distinguish rational 3-folds from nonrational ones.
The difference between surfaces and 3-folds is crucial from the point of view of birational geometry (see [49] ). For example, unirational surfaces are rational, but unirational 3-folds may be nonrational (see [46] , [15] , [3] , [67] ).
It is sufficient to consider the three-dimensional rationality problem only for Mori fibre spaces 2 (see [16] , [18] ). Therefore we have the following cases: (1) Fano 3-folds (see [47] ), (2) del Pezzo fibrations (see [23] , [42] , [17] , [63] ), (3) conic bundles (see [81] , [67] , [68] ). In the case of Fano 3-folds and del Pezzo fibrations we must consider 3-folds with mild singularities (see [49] , [68] ), but the rationality problem may be overwhelmingly hard even in the simple singular cases. Example 1. Let X be a quartic hypersurface in P 4 . Then X is a Fano 3-fold, namely the anticanonical divisor −K X is ample. The 3-fold X is nonrational in the following cases: when the 3-fold X is smooth (see [46] ); when the 3-fold X has at most ordinary double points and Cl(X) ∼ = Z (see [61] , [18] , [58] ). However X may be rational in the latter case if we drop the factoriality condition (see [9] ). In the case when the 3-fold X has a single double point analytically equivalent to xy + z 3 + t 3 = 0 the proof of the nonrationality of All varieties are assumed to be projective, normal, and defined over C.
2
A morphism τ : V → Z is called a Mori fibre space if the singularities of the variety V are terminal and Q-factorial (see [49] ), τ * O V = O Z , rk Pic(V /Z) = 1 and −K V is τ -ample.
In the case k ≤ 2 the 3-folds X not satisfying the K 2 condition belong to finitely many families (see [28] ). Moreover, the following result is implied by [5] , [78] , [72] , [73] , [74] , [75] , [25] , [26] , [53] , [27] , [28] , [70] , [29] , [30] , [31] , [12] .
Corollary 8. Suppose that k ≤ 2 and X is sufficiently general. Then X is nonrational except may be the case when X is a double cover of Proj(O P 1 (d 1 )⊕O P 1 (d 2 )⊕O P 1 ) branched over a divisor in |4M +nL| such that d 1 = d 2 = 2 and n = −2, where M is the tautological line bundle and L is a fibre of the natural projection to P 1 .
In this paper we prove the following result. 
condition (see [63] , [7] ). Moreover, in the case n < 0 the inequality
implies the K 2 condition (see Lemma 36 in [7] ). However there is an infinite series of quadruples (
and n < 0, but the corresponding 3-fold X is smooth 6 and has Picard rank 2 (see Corollary 28 and [7] ).
Example 11. The following table contains all quadruples (d 1 , d 2 , d 3 , n) with d 1 < 13 such that the 3-fold X is smooth, rk Pic(X) = 2 and 5n < 12 ,3,-8) (9,4,3,-9) (9,4,4,-9) (9,5,3,-9) (9,5,4,-9) (9,6,3,-9) (10,4,4,-10) (10,5,4,-10) (10,5,5,-10) (10,6,4,-10) (11,4,4,-11) (11,5,4,-11) (11,5,5,-11) (11,6,4,-11) (11,6,5,-11) (11,7,4,-11) (12,5,4,-12) (12,5,5,-12) (12,6,4,-12) (12,6,5,-12) (12,7,4,-12) Remark 12. Sometimes the geometry of X can be described more explicitly.
• For the quadruple (0, 0, 0, 2) the corresponding 3-fold X is a smooth divisor of bi-degree (2, 3) on P 1 × P 3 . The 3-fold X is nonrational by Theorem 4 in the sufficiently general case (cf. [70] ).
• For the quadruple (0, 0, 0, 1) the corresponding 3-fold X is a smooth divisor of bi-degree (1, 3) on P 1 × P 3 . The natural projection γ : X → P 3 is a birational morphism. In particular, X is rational. Moreover, there is a pencil P of cubic surfaces in P 3 such that γ −1 (P) = |L|.
• For the quadruple (1, 0, 0, 0) the 3-fold X is a blow up of a smooth cubic 3-fold in a plane cubic curve. The 3-fold X is nonrational by [15] .
• For the quadruple (1, 0, 0, 1) the corresponding 3-fold X is a small resolution of a quartic 3-fold in P 4 containing a plane. The 3-fold X is nonrational in the case when it is sufficiently general (see [9] ).
• For the quadruple (2, 1, 1, −2) the corresponding 3-fold X is a small resolution of the trigonal Fano 3-fold T 7 ⊂ P 7 of degree 10 (see [12] ), namely the divisor −K X is nef and big and T 7 = φ |−K X | (X). Moreover, the 3-fold X is birationally equivalent to a double cover of P 3 branched over a smooth quartic surface (see §4.4.1 in [7] or Example 1.9 in [12] ). Therefore the 3-fold X is nonrational by [5] and [78] in the case when it is sufficiently general. Moreover, the 3-fold X is not birational to a conic bundle (see [72] , [73] , [74] , [75] ).
• For the quadruples (1, 1, 0, 0) and (2, 0, 0, 0) the 3-fold X is a crepant resolution of the 3-fold V ⊂ P 5 such that V is the singular complete intersection of the quadric
and a cubic hypersurface (cf. [38] , [62] , [18] ).
• For the quadruple (1, 1, 1, −1) the corresponding 3-fold X is a small resolution of the trigonal Fano 3-fold T 4 ⊂ P 6 of degree 8 (see [12] ), namely the divisor −K X is nef and big and T 4 = φ |−K X | (X). Moreover, the 3-fold X is birationally equivalent via an ordinary flop to a standard conic bundle over P 2 whose discriminant curve has degree 7 (see [7] , [12] ). In particular, X is nonrational due to [71] .
The main purpose of this paper is to prove the following result (cf. [8] ).
Theorem 13. Let X be a sufficiently general 7 divisor in the linear system |3M + nL| on the rational scroll Proj(⊕ [50] , [51] , [53] , [20] ), the rationality condition of a standard conic bundle over F r (see Theorem 19, [71] , [39] , [40] , [41] , [43] ), the nonrationality of a smooth cubic 3-fold in P 4 (see [15] ), Therefore in the case when k = 3 the sufficiently general 3-fold X is nonrational if the topological Euler characteristic χ(X) is different from −14. Indeed, we have (see [24] )
7 A complement to a countable union of Zariski closed subsets in moduli.
Remark 16. Under the conditions of Theorem 3, let χ(X) = −4. A priori it is possible to explicitly describe the cases when the 3-fold X is rational and when it is not.
Let us mention the following conjecture (see Problem 1 in [78] , §10.4 in [71] , §11.4.3 in [47] , Conjecture 8 in [7] ), which is also known as the Enriques problem.
Conjecture 17. Let V be a smooth 3-fold obtained as a smooth deformation of smooth nonrational 3-folds. Then V is nonrational as well.
It is expected that Conjecture 17 fails in dimension 4 (see [76] , [77] , [52] , [32] , [33] ).
Corollary 18. Let f : X → P 1 be a del Pezzo fibration of degree k ≤ 3 such that X is smooth and rk Pic(X) = 2.
Suppose that the claim of Conjecture 17 is true. Then the 3-fold X is rational if and only if it is a divisor of bi-degree
The rationality problem for X is the first step in understanding the more general problem of describing all Mori fibre spaces birational to X. The latter problem depends on the positions of the divisor K X and the 1-cycle K 2 X in the cone of quasieffective divisors and the Mori cone NE(X) respectively (see [63] , [28] , [29] , [7] ).
Preliminaries.
The following result (cf. Theorem 31) is proved in [71] , which is a special case of the conjectural rationality criterion of V. Iskovskikh (see [39] , [40] , [41] , [43] , [18] ). 
exists, where α and β are birational maps, X is a smooth 3-fold, χ : X → P 2 is a conic bundle, Pic(X/P 2 ) = Z, the degeneration divisor D ⊂ P 2 of the conic bundle χ is a quintic curve, and the double cover ψ :D → D induced by the conic bundle χ corresponds to an odd θ-characteristic (see [60] , [39] , [41] ).
The following result is Theorem 1.8.3 in [51] (see [57] , [50] , [45] , [53] ). The following claim is well known (see [65] ).
Proposition 22. Let V be the rational scroll Proj(
be the natural projection, L be a fibre of the projection f , M be the tautological line bundle on the scroll V , (t 1 : t 2 ) be homogeneous coordinates on P 1 , and (x 1 : . . . :
Then the linear system |aM + bL| is generated by the bihomogeneous polynomials
The following result known as a lemma of M. Reid is implied by Proposition 22.
Corollary 23. Under the conditions of Proposition 22, let
, and D ∼ aM + bL be an effective divisor on V , where a and b are integers. Then
Cubic del Pezzo fibrations.
Let V be the rational scroll Proj(⊕
let M be the tautological line bundle on the rational scroll V , and let L be a fibre of the natural projection to P 1 . Consider a sufficiently general 9 divisor X ∈ |3M + nL| for some integer number n. The following lemmas are well known (see [7] ).
Lemma 24. Suppose X is smooth and rk Pic(X) = 2. Then d 1 ≥ −n and 3d 3 ≥ −n.
Proof. Under the conditions of Corollary 23, the subscroll Y 2 is a 3-fold, the subscroll Y 3 is a surface and Y 4 is a curve. Hence Y 2 ⊂ X, the equality rk Pic(X) = 2 implies Y 3 ⊂ X and the smoothness of the 3-fold X implies mult Y 4 (X) ≤ 1. To conclude the proof, it remains to use Corollary 23.
Lemma 25. Suppose X is smooth and rk Pic(X) = 2. Then either
Proof. Let r = d 1 + n > 0 and d 2 < −n. Under the conditions of Proposition 22, the 3-fold X ⊂ V can be given by the bihomogeneous equation
where α r (t 1 , t 2 ) is a homogeneous polynomial of degree r, β ijk and γ ijk are homogeneous polynomial of degree n + id 1 + jd 2 + kd 3 . Moreover, the inequality r > 0 implies the existence of a point O on the 3-fold X whose bihomogeneous coordinates satisfy the equations x 1 = x 2 = x 3 = α r (t 1 , t 2 ) = 0. It can easily be checked that the point O is singular on the 3-fold X. This concludes the proof.
Proof. Let 3d 3 = −n. Under the conditions of Proposition 22, the 3-fold X ⊂ V can be given by the zeroes of the bihomogeneous polynomial
where f 3 (x 2 , x 3 ) is a homogeneous polynomial of degree 3, β jkl and γ jkl are homogeneous polynomial of degree n + 2d 1 + jd 2 + kd 3 and n + d 1 + jd 2 + kd 3 respectively, α r is a homogeneous polynomial of degree r = 3d 1 + n. Thus the 3-fold X contains 3 subscrolls of the rational scroll V given by the equations x 1 = f 3 (x 2 , x 3 ) = 0. In particular, we see that rk Pic(X) = 2. This concludes the proof.
Lemma 27. The 3-fold X is smooth and rk Pic(X) = 2 if the following holds: 8 A polynomial of negative degree is a zero polynomial. 9 A complement to a Zariski closed subset in moduli. Proof. In the case n ≥ 0 the linear system |3M + nL| is free and the 3-fold X is smooth by the Bertini theorem. Under the conditions of Proposition 22, the base locus of the linear system |3M + nL| consists of a single curve Y 4 in the case n < 0. Moreover, the 3-fold X is always smooth in the generic point of Y 4 due to Corollary 23 and X is smooth outside of the curve Y 4 by the Bertini theorem.
In the case when d 1 = −n and d 2 < −n the bihomogeneous equation of X is
where β ijk and γ ijk are homogeneous polynomials of degree n + id 1 + jd 2 + kd 3 and α 0 is a constant. Moreover, the generality of the 3-fold X implies α 0 = 0. On the other hand, the curve Y 4 is given by the equations x 1 = x 2 = x 3 = 0. Hence the 3-fold X is smooth in every point of the curve Y 4 .
In the case when d 1 > −n and d 2 ≥ −n the bihomogeneous equation of X is
where α 1 and α 2 are homogeneous polynomials having degree d 1 +n and d 2 +n respectively, α 3 is a zero polynomial in the case d 3 < −n or a homogeneous polynomial of degree d 3 + n otherwise, both β ijk and γ ijk are homogeneous polynomials of degree n + id 1 + jd 2 + kd 3 , all polynomials α i , β ijk and γ ijk are sufficiently general. In particular, α 1 and α 2 do not have common zeroes. Therefore either α 1 x 1 x Thus we see that the 3-fold X is smooth. At the same time rk Pic(X) = 2 by Proposition 32 in the paper [7] . This concludes the proof.
Corollary 28. There is an infinite series of quadruples
, where X is smooth, rk Pic(X) = 2, 5n < 12 − 3(d 1 + d 2 + d 3 ) and n < 0. For example, for the sake of being definite, we can take the quadruples (3γ, γ + 1, γ, −3γ), where γ ∈ N.
The deeper treatment of the properties of the 3-fold X is found in [7] .
Two-dimensional sketch.
Let S be a smooth del Pezzo surface of degree 3 defined over an algebraically non-closed field F such that char(F) = 0. Then S is a cubic surface in P 3 (see [56] , [51] ).
Example 29. Let F = Q and S be a surface
where (x : y : z : w) are homogeneous coordinates on P 3 . Then Pic(S) ∼ = Z by [69] .
Let Pic(S) ∼ = Z. Then the following result holds (see [54] , [55] , [56] , [16] , [44] ).
Theorem 30. The surface S is birationally rigid, namely S is not birational to a conic bundle, the surface S is not birational to a smooth del Pezzo surface of Picard rank 1 that is not biregular to the surface S.
In particular, we see that the surface S is nonrational over F. Let us give an alternative proof of the nonrationality of the surface S in the case when F = C(t). Our proof is based on the following result (cf. Theorem 19), which is implied by the explicit classification of two-dimensional Sarkisov links (see [34] , [35] , [36] , [16] , [44] , [18] ).
Theorem 31. Let f : X → P 1 be a conic bundle defined over F such that X is a smooth surface of Picard rank 2 such that |2K P 1 + ∆| = ∅, where ∆ ⊂ P 1 is a degeneration divisor of the conic bundle f : X → P 1 . Then X is nonrational over F.
Let F = C(t) andŜ be a surface
where (x : y : z : w) are homogeneous coordinates on P 3 , f and g are sufficiently general homogeneous polynomials in F[x, y, z, w] of degree 2.
Lemma 32. The surfaceŜ is smooth and rk Pic(Ŝ) = 2.
Proof. The proof is omitted (cf. the proof of Lemma 35).
The projection from the line x = y = 0 fibres the surfaceŜ into conics with 5 reducible fibres. HenceŜ is nonrational over F by Theorem 31. Moreover,Ŝ is not ruled, because every rational curve over F has a point by the Tsen theorem (see [79] ). Therefore S is not ruled by Theorem 21 if S is sufficiently general, because C(t) is uncountable.
Corollary 33. The surface S is nonrational whenever S is sufficiently general.
The proof of Corollary 33 is a sketch of the proof of Theorem 13.
The proof of Theorem 13.
Consider a sufficiently general 10 divisor in the linear system |3M + nL|, where M is the tautological line bundle on V , L is a fibre of the natural projection of the scroll V to P 1 , and n ∈ Z. Suppose that X is smooth, rk Pic(X) = 2 and X is rational. We must show that
Under the conditions of Proposition 22, the 3-fold X ⊂ V is given by the zeroes of the bihomogeneous polynomial 
respectively, α i is a homogeneous polynomial of degree n + id 3 , β ijkl is a homogeneous polynomial of degree n + (i + 1)d 1 + jd 2 + kd 3 , and γ ijkl is a homogeneous polynomial of degree n + id 1 + (j + 1)d 2 + kd 3 .
Let Y ⊂ V be a 3-fold that is given by the equation x 1 F + x 2 G = 0. Then Y contains the subscroll Y 3 ⊂ V that is given by the equations x 1 = x 2 = 0.
Lemma 34. The 3-fold Y is reduced and irreducible, the singularities of Y consist of exactly 2d 1 + 2d 2 + 4d 3 + 4n > 0 isolated ordinary double points. 10 A complement to a countable union of Zariski closed subsets in moduli.
Proof. The generality of the 3-fold X implies that Y is reduced and irreducible. Moreover, the 3-fold Y is singular exactly at the points where
by the Bertini theorem. The scroll Y 3 is naturally isomorphic to Proj(O P 1 (d 3 )⊕O P 1 ) ∼ = F d 3 and (t 0 : t 1 ; x 3 : x 4 ) are natural bihomogeneous coordinates on Y 3 (cf. Proposition 22) .
Let C and Z be the curves on the surface Y 3 that are cut by the bihomogeneous equations F = 0 and G = 0 respectively. Then the bihomogeneous equations of the curves C and Z are k,l≥0 k+l=2
respectively, where β kl = β 00kl and γ kl = γ 00kl . In particular, β kl and γ kl are homogeneous polynomials of degree n + d 1 + kd 3 and n + d 2 + kd 3 respectively.
Let O be a point on V such that the bihomogeneous coordinates of O satisfy the system of equations x 1 = x 2 = F = G = 0. Then O ∈ C ∩Z and the point O is a singular point of the 3-fold Y . Vice versa every point of the intersection of the curves C and Z is a singular point of the 3-fold Y and gives a solution of the system of equations
It is easy to see that the point O is an ordinary double point of the 3-fold Y whenever the curves C and Z are smooth at the point O and C intersects the curve Z transversally at the point O ∈ Y . LetM = M| Y 3 andL = L| Y 3 . ThenM is the tautological line bundle on Y 3 andL is a fibre of the natural projection of the surface Y 3 to P 1 . The curve C is a sufficiently general curve in the linear system |2M + (n + d 1 )L| and Z is a sufficiently general curve in the linear system |2M + (n + d 2 )L|.
The linear system |2M +(n+d 1 )L| has no base points, because the inequality d 1 +n ≥ 0 holds by Lemma 24. Therefore the curve C ∈ |2M + (n + d 1 )L| is smooth, but the linear system |2M + (n + d 2 )L| may have base components and the curve Z may not even be reduced or irreducible. To conclude the proof it is enough to prove that C intersects the curve Z transversally at smooth points of Z. Indeed, the latter implies |C ∩ Z| = C · Z = 2d 1 + 2d 2 + 4d 3 + 4n, but 2d 1 + 2d 2 + 4d 3 + 4n > 0 by Lemmas 24, 25, 26. Suppose
L| does not have base points as well. Therefore Z is smooth and the curve C intersects Z transversally at all points of the intersection C ∩ Z.
Let d 1 = −n and Y 4 ⊂ Y 3 be a curve given by x 3 = 0. Then C ∩ Y 4 = ∅ and either the base locus of the linear system |2M + (n + d 2 )L| is empty or the base locus of the linear system |2M + (n + d 2 )L| consist of the curve Y 4 . However, we have
which implies that C intersects Z transversally at smooth points of Z.
and the local calculations imply that the 3-foldỸ is smooth. The restriction g|Ỹ is a small resolution of Y (see [80] ), namelyỸ is a Q-factorialization of Y (see [48] , [10] ).
Lemma 35. The equality rk Pic(Ỹ ) = 3 holds.
Proof. The proof of Proposition 32 in [7] implies Pic(Y ) ∼ = Z ⊕ Z, but the 3-fold Y is not factorial and Cl(Y ) ∼ = Z ⊕ Z. We must prove that Cl(Y ) ∼ = Pic(Ỹ ) ∼ = Z ⊕ Z ⊕ Z, namely we must prove that the defect of the 3-fold Y is 1 (see [14] , [80] ). The birational morphism g :Ṽ → V resolves the indeterminacy of the rational map induced by the projection of the rational scroll V to the surface Proj (O P 1 (d 1 ) ⊕ O P 1 (d 2 ) ) from the subscroll Y 3 ⊂ V . Hence the linear system |g
In particular, the divisorỸ ∼ g * (3M + nL) − E is ample when n > 0 by Lemmas 24, 25, 26 .
The Lefschetz theorem (see [6] , [2] , [21] ) implies
wheneverỸ is ample. Hence we may assume n ≤ 0. Moreover, in the case when n = 0 the divisorỸ is nef and big and we can use the arguments of the proof of Proposition 32 in the paper [7] instead of the Lefschetz theorem to deduce that rk Pic(Ỹ ) = 3. Hence we may assume n < 0. Let τ :Ỹ → P 1 be the natural projection and S be the generic fibre of τ , which is considered as a surface defined over the function field C(t) of P 1 . Then S is a smooth cubic surface in P 3 (see [56] , [51] , [20] ). Moreover, the surface S contains a line in P 3 defined over the field C(t) due to Y 3 ⊂ Y . In particular, rk Pic(S) ≥ 2. The generality in the choice of the 3-fold X implies that every fibre of τ is irreducible. Therefore rk Pic(Ỹ ) = 3 ⇐⇒ rk Pic(S) = 2, because in the case rk Pic(Ỹ ) > 3 the relative Minimal Model Program (see [49] ) over P 1 must contract some surface dominating P 1 after finite number of flips. Thus to conclude the proof we must prove the inequality rk Pic(S) = 2 (cf. Proposition 32 in [7] ).
The bihomogeneous equation of Y implies that an example of S is the surfaceŜ
where (x : y : z : w) are homogeneous coordinates on P 3 and q(t), p(t), r(t) and s(t) are polynomials. The surfaceŜ contains a line x = y = 0. Moreover, q(t), p(t), r(t), s(t) are general and deg q(t) > 0, deg p(t) ≥ 0, deg r(t) > 0, deg q(t) ≥ 0 by Lemmas 24, 25, 26. Let γ :Ŝ → P 1 be a projection from the line x = y = 0. Then γ is a conic bundle, which has exactly 5 geometrically reducible fibres F i for i = 1, . . . , 5. Moreover, we have
whereF i andF i are smooth geometrically irreducible rational curves. Let us remark that a priori the curves F i ,F i ,F i are defined over an algebraic closure K of the field C(t).
The Galois group Gal(K/C(t)) acts naturally on the set Σ = {F i ,F j }, because the conic bundle γ is defined over C(t). The condition rk Pic(Ŝ) > 2 implies the existence of the proper subset Γ Σ consisting of disjoint curvesF i andF j such that the subset Γ Σ is Gal(K/C(t))-invariant (see [34] , [35] , [37] , [59] , [16] , [44] ). However, the action of the group Gal(K/C(t)) on the set Σ is easy to calculate explicitly, namely the set Σ splits intoTaking into account the projection of the scroll V from the subscroll Y 3 , we see that the linear system |g 
, where l is a fibre of the natural projection of the surface F r to P 1 and s 0 is a section of the surface F r such that s 2 0 = r. In the bihomogeneous coordinates the rational map τ • g −1 can be given by the linear system spanned by the polynomials β 1 (t 0 , t 2 )x 1 + β 2 (t 0 , t 2 )x 2 , where β i (t 0 , t 2 ) is a homogeneous polynomial and deg
The morphism τ induces a conic bundleτ = τ |Ỹ :Ỹ → F r . Let ∆ ⊂ F r be the degeneration divisor ofτ . Then ∆ ∼ 5s ∞ + al, where a ∈ N and s ∞ is the exceptional section of the surface F r (cf. the proof of Corollary 33).
Let S =τ −1 (s 0 ) and B = τ −1 (s 0 ). Then S = B ∩Ỹ ⊂ B and B is naturally isomorphic to the scroll Proj( The 3-fold Y is a flat degeneration of the 3-fold X. Moreover, the 3-fold Y is rationally connected (see [51] ). Thus Y is nonruled if and only if it is nonrational. Therefore the 3-fold X is nonrational in the case 3d 1 − 2d 3 + 6d 2 + 3n ≥ 4 by Theorem 21. Hence our initial assumption implies 3d 1 − 2d 3 + 6d 2 + 3n < 4.
The inequality 3d 1 − 2d 3 + 6d 2 + 3n < 4 together with Lemmas 24, 25, 26 imply that Hence Theorem 13 is proved.
6. The proof of Proposition 9.
Let V be the rational scroll Proj(O P 1 (2) ⊕ O P 1 (2) ⊕ O P 1 ) and X be a double cover of the scroll V branched over a sufficiently general divisor D in the linear system |4M − 2L|, where M is the tautological line bundle on V , and L is a fibre of the natural projection of the scroll V to P 1 . We must prove that X is nonrational. is commutative, whereχ :Ỹ →Ṽ is a double cover. Let E be the exceptional divisor of the blow up g. Thenχ is branched over the divisor g −1 (∆) ∼ g * (4M − 2L) − 2E. Suppose that divisor g −1 (∆) is ample. Then the Lefschetz theorem (see [6] , [2] ) implies the equality rk Pic(Ỹ ) = 3 (see [14] , [21] , [22] ). However, the divisor
is not ample. Nevertheless g −1 (∆) is nef and big, because |g * (M − 2L) − E| is a free pencil, whose image on V is generated by divisors x 1 = 0 and x 2 = 0. Now the first part of the proof of Proposition 32 in [7] implies rk Pic(Ỹ ) = 3. The other way to prove the equality rk Pic(Ỹ ) = 3 is found in the proof of Lemma 35.
The linear system |g * (M − L) − E| is free and gives a P 1 -bundle
which induces a conic bundleτ = τ •χ :Ỹ → F 0 . Let Y 2 ⊂ V be the subscroll given by the equation x 1 = 0 in the bihomogeneous coordinates. Then Y 2 ∼ = Proj(O P 1 (2) ⊕ O P 1 ) ∼ = F 2 . Let S = g −1 (Y 2 ). Then S ∼ = Y 2 and τ contracts the surface S to the section of F 0 that has trivial self-intersection.
LetS =χ −1 (S) and Z ⊂Ỹ be a general fibre of the projection ofỸ to P 1 . Then Z is a smooth weak del Pezzo surface (see [23] ) of degree 2, namely the divisor −K Z is nef and big and K Let Ξ ⊂ F 0 be a degeneration divisor of the conic bundleτ . Then K 2 Z = 2 implies the equivalence Ξ ∼ 6s + al for some a ∈ Z, where s =τ (S) and l =τ (Z). The generality in the choice of the divisor D implies that s ⊂ Ξ and s · Ξ is equal to the number of the reducible fibres of the induced conic bundleτ |S.
Thus s · Ξ = 8 − K
S
and we can calculate s · Ξ using the equation of the ramification divisor of g •χ|S. Namely the reducible fibres ofτ |S correspond to the zeroes of the determinant (α The 3-fold Y is rationally connected (see [51] ). So the nonrationality of Y implies that Y is nonruled. Therefore the 3-fold X is nonruled by Theorem 21, because X is sufficiently general by assumption. In particular, the 3-fold X is nonrational.
Hence Proposition 9 is proved.
